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Sudace Area

If a smooth paramehnc sur][ace S is awen by the equation

Tluy) = xluw) T +3lu,V)J +zlu, v)k , (u,eD and

S is covered just once as (uw) ranges ’rhrouﬂhou} the parameter
domain D , then the surface area oj Sis:

Als)=” RxRI A, whne T (.22 Rl (2, Y2

Surface Area of the ﬁrrapk of a funch'on

For the sPecial case of a surface 5 w equahon z =f(x.g) ,where x15In D
and ]‘ has continuous Parhal derivatives , we take x and yos pararneters .

The paramelric equations are % = x Y=y, 2 =f(x.3)
o Tlxy) =<y, fiuy >

axA . 63
- - v J R A A A
ond T.xT, - - -of V- + R
x My 10% -a-,£ %;J
0 1%

and then the surface area formula becomes

AlS) - H\[H (ai)ﬂ (31)1 dA and we derved this
y | Y formula in ch 156
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Ex Find the sur](ace area oj a sphere of radus a .

San X = asing cos O
y= asinfsin®  and D= {(¢»9)|05¢5"' 059531\}

Z =acos$
First . A A R A
-ra XF ) l J R L J R
pre = g% 53% _aa% = [acospos®  acospsin® - asing
%’é 'g% %g— -asingsinG  asing cos® 0

= d'om'g cos0 i+ a*sing sine"f + 0’ sing cosg R - asing . 7(6,¢).

Then , 15 xT | - “j a%sin'9cos’ + a'sin'p sin’0 +a‘sm2¢ cos2¢
= m = a'sing (Since sing »0)
W =
Then A . ” a'sing dg db - a’JdG [sm¢ d = alan)(2) = 4nd.
00

0 0
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13.3 Surface ln{egrals

The re\a’fionship between surface m}eﬂrals 16 the same as the relm‘ionship between line mfeﬂrals and
arc Ienﬂﬂn.

We wil define a surface inlegral of a junch'on j of three variables dejmed over 5 ina such
0 way that ,1n the case when {(x,y,z)=1 , the va\ueoj the surface inlegra\ 16 equal Ho the surfoce

oreq .

Surface \n’reggls

Suppose that a surjoce S has a vector equahon
Fluy) = xluw) &+ 3(u v)] + (v, v)k (uvleD

Assume Pammder domain is a rec’(anglo .

/
v
N
R *
LR ']
[ ‘ 5
W _v o

Divide D info sub rec*anﬂles R_] w| dimensions Au, and AVJ_
Then he sur:face S is divided inlo co:resPonJInﬂ Pa’rches St]
Evaluate f at a Pomt PLJ in each pa}ch mu\hpj b3 the areq ASLJ oj the patch, and form

Riemann sum 1 n

Y ) fieg)

IIJ|

Then,”j(x,ﬁ,z)ds m ZZ{(

- 00 IIJI
S n—.oo
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We can approzximate DSy ~ 7T, | Bu;ay,
Where ,

[ ﬁ 35 , 'gT 'gé" aa_s> are the hnﬂeni veclors af the corner of SLJ.

hen, ([ flry.2)dS J §(7 ) IR x| dA
| g

& Compule the suvjace in{esra\ ” x'dS ,where S is the umt sPhere x’+3’+z’=i.
S

Sln  We can poramelrize sphere a5 T($,0) - singcosB T + sing sin@ f + 050 R and e Know
from earlier example that l?,x?’el =sing .

Then, ”x’ ds - J (singcosB* 174 x Ty | dA

si'g 0 sing dO d¢ Iema,t d¢ N

()

J
- [ sing - sing cosj¢ d¢ J'_’:_W_S_é‘.e_ do
1

0

2 3

0 0

n an
z [‘609¢ * 13-6%3?] ALIO + 1 sin 39] . 4n

Rk If Sis a piecewise - smookh surfoce 12. a fum’fe union of srmooth surfaces 81351 5n

intersect on|3 olonS their  boundaries . Then,

ﬂ flxgi2) d5 - H floy2)dS + .. fJI flxy,2) 48

5 Sl SI'\
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QOrienled sutjaces

To defu’ne surface m{egra\s oj vector J(l‘elo\s , we need fo rule out non-onentable sutjaces.

Mobwus _Strip

p D
/
c A
" | — ‘ —
A D " ‘\ ~

Take a rec}anﬂular plece oj paper. aive it a half fwist , and fape the short edﬂes

bjeH\er .

f an ant were o cranl on a Mobius strip, it would refurn to its sianlinj point havinﬂ
traversed the entire strip on both sides  withoul ever havn’nﬂ crossed an edﬂe.
The Nbbius SITI.P reallj has one Slde (Watch Video on Youtube)

http://mathinsight.org/moebius strip not orientable

e We will consider on\j orientable (two-sided surjaces).

* Sart w/ a surface 5 that has a fangent plane o every pint (xy,2) on § (except
at boundarj point ). There are two unit normal vectors 3' and rll;=-r/1\, .

A
If tis Possible fo choose a unit normal

veclor 0 at every such Poirrl s0 that

N varies conhnuouslﬂ over S then 5

A
1
~n
nz
/\ i5 called an oriented surface and Siven

the choice oj» n provides s w/ an onentabion
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RemarK  There are two Possib\e onentahions for any orientable surface.
A A A A A
) ﬂi |i i" n
X a! al 2 A

o let surface S be the 3raph of Fi =3(Xﬂ).
We can associale 1o S a nofural orientation

qiven b_‘j the unit normal veclor

Since a-componen{ is posihve , this 3\’\1&6 upward  orientation of the surface_

*If S is a smooth surface given in parametric jorm l)j a vecdor funchion T'(u,v), then
is au%omm‘icallj supplied w/ orientation of the umt normal veclor

- . A
N=T,xt,  and the oPPosﬂe orientation is given bﬂ -n .
ITuxty |

Ex  Tor a sphere x1+3’+ 7 <a® we showed earlier that

- -

f4x Ty = asing 7'($,0) and lr,xfo| = a’sing

So the orientation is defmed % D o- Fg xTy . aL?(,S,G).
I x|

Nole that n points 1n the same direction as the postion veclor , thal is outward
from the sphere

The oPPosﬂe orienfation would have been obtained had we reversed the order oj parameiers
?-

nce T oxT,
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Positive onentation Neﬂa’live onentation .
http://mathinsight.org/parametrized surface orient
(onvenhon  for a closed surface thl is ,a surface that is the bounda oj a
solid reﬂion E, the p‘isih've orientation is the one jor whu’c;j
the normal veclors Poin{ outward jrom E, ond inward Poim‘inj Sives
negah've orientation

Surface \niegrak of veclor Jn'elds

Defn I Fis a confinuous veclor fielo\ defineo\ on an oriented sur{ace S w
unit normal veclor 1, then the surface inlearal of F ovwerS is

”mé’: ”F.aas
5 S

This ln*eﬂral i5 called the jlux of F across S .

In other words, the surface in*egra\ oja veclor jn‘eld over S is equal to the
swjace inieara\ oj its normal component over S .

if S is given b3 Tlu,v) |, then
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H F.dS - HF WXT 45 . H[?(‘r’(u,v)). Ty X Ty Jl?uxf,,’l dA
nXT, Tux Ty

[ 3 |ruxrv| D

where D is the parameier domain

Thes, [[F.dS _Jr(? x7,) dA
5.

Ex Find the {lux of the V.F. F(x)=z?+3f+x£ acrass the unit sphere x2+32+22=.1.

Soln  T(9,0) =<singcosd, singsin, cosp > | 0¢p<¢m, 0¢0<anm.

Then, F(7l9,0)) = {cosp , singsin@, sinp cos8 ) and
Ty xTy = < s{n’¢ w0s0, sin2¢ sin@ , sing cosp >

herefore | F(7(9,6)). (TyxTg) cos¢ sin'p cos +sin'g sin'9 + sin'§ cos cos
= dsinp cos cos® + sinPsin’'®

Then the flux 5,
nn
H F.dS . HI? o xT, ) dA . Hasmstcosgﬂcosﬁ + s'mgsbsin’G d¢ do
S n D 00nq an
- ajsinlsb wsp d Jcose o + I sin’p d Jsin’b do
0 0 0 0
- 4o .
3

1 S given by 2 =j(x,3), we cn thinK of andﬂ as Poramelers

F.ATxT) =<P.QRD. /29 - . -Pag _Q2
rxrﬂ) <§_,%g,i>_ % Qajg.,ﬁ
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The formu\a assumes upward orentation of 55 for downward orientation we mul’u'plg bﬂ -1
Simmilar jormula can be worked out for %= hiy,2), Y- R(x,2).

Ex Evaluate the jlux of F(x ,2) =< Y., z) across 5, where § is the baundanj 0}
the solid reﬂlon E enclosed bﬂ the paraboloual 2 = |-0-g* -y and the xy- Plane

Soln
The surface § consists of two pieces :
5, = parablic top .

S, = circular bottom .

5 is a closed sudace , we use ~positive -outward orienlation

This means S, is onented upward ond PraJecHon of S onlo the xy-plane is the disc
A+ 52 ¢l

P(x»‘ﬂiz) =H tQ(Xlﬁ)Z)= X, R(X.ﬂ)Z) =Z = "X2‘32

and on S, ,

=-ax , 99 _ -4
ook g
Then,

ox

Hﬁa‘sz;(m 03, k) [[Fytean)-at-ag) e 1-0-47)
D

M(I+4xl.)-x -y )

i)

1
I | +4r%c0sOsind -r )rdrdG
0
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! an
J [r 3443050 6ind drdd . j _A_,; sOsin@ 40 - 1(am)+0 - x
00

] T2
0

and

s, 5, D
Then, SJ_F’ ds =‘LF.A-S’ + gl—fd? -1,0 .1
Applications

1) If Fis an electic f|e then the surface in eﬂral I I E.dS s called the eleckric ﬂux
j E ’rhrou3h S.

Impor’rant |.awa]c ]hermodﬂnamlcs Is Giausss law , which says that the net chalje enclosed

by a closed surjace S s

A ”ng _ where & 1s a constant .
)

3) Heat Flow * Suppose the femperature ot a Pom’t (x,y:2) in a bodj s ulxy2).

Then the heat f\ow is de{med as the vector fleld F--KVu , where K is constant
called the conduct wu’rj o the substance. The rate oj heat flow across the surface § in
the bodj is given bj

” Fa . X J jvu 5

S S
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